Abstract-We show a collection of scripts, called Gstrongly positive scripts, which is used to recognize critical configurations of a CFG (chip firing game) on a multidigraph with a global sink. Moreover, an algorithm for finding the minimum G-strongly positive script is also given. From that we generalize a very recent result by Aval et.al which prove the non-stableness of configurations obtained from a critical configuration by firing inversely any non-empty multi-subset of vertices for digraphs.
I. INTRODUCTION
CFG (chip firing game) is a game on a (di)graph G introduced by Bjorner, Lovász and Shor [3] : each vertex contains some chips, and a move consists of selecting a vertex with at least chips as many as its (out-going) degree and firing it by sending one chip along each outgoing edge from it. The game stops if there is no such vertex. They consider the convergence of the game and prove that the convergent configuration is independent on the moves.
The version of CFG on undirected graphs also appears earlier under the name Abelian Sandpile Model in [5] to study the criticality of some self-organized systems in physics. Herein Dhar considers a class of configurations of CFG, called critical configurations, which are recurrent by the addition of chips and applying several steps of moves. He proves that only critical configurations have a non-zero probability of occurrence by the Markovian evolution. Furthermore, this non-zero is the same for all critical configurations. Since then, critical configurations have been shown of plenty interesting properties relating to a wide variety of known objects such as spanning trees, sandpile group, G-parking functions, Tutte polynomials.
CFG on directed graph is introduced systematically in [2] . Its critical configurations are investigated with nice results concerning to rooted spanning trees, rotor router in [6] . Much of theory developed for undirected graphs works for directed graphs but not always. For recognizing critical configurations on undirected graphs, Dhar introduces burning algorithm [5] . Then Speer [10] developed it into what he called the script algorithm for the recognition problem on digraphs with a global sink and another strongly connected component. He also shows the minimum testing script and proves that all its parts are equal to 1 for digraphs with no selfish site with the noticing that undirected graphs belong this digraphs.
In this manuscript, we give some characterizations of critical configurations of CFG whose support graph is directed with a global sink. Section 2 presents some basic definitions and properties of critical configurations of CFG. In Section 3, we show a collection of scripts, called G-strongly positive scripts, which are used to recognize critical configurations. For finding the minimum G-strongly positive script σ M we introduce the strongly script algorithm which consists of running the script algorithm several times (with a determined order) on strongly connected components of G. Using this minimum script, we prove a characterization of critical configurations via the non-stableness of configurations obtained from them by inversely firing any multi-subsets of vertices of G as well as any multi-subsets of σ M . This result generalizes a result in [1] which is applied for undirected graphs. At the end of the section, we give the affirmative answer for a question raised in [9] concerning the maximum of weight of critical configurations among stable configurations in its equivalent class.
II. PRELIMINARIES
Let G = (V, E) be a directed multi-graph (digraphs) with n + 1 vertices V = {1, 2, . . . , n + 1}. We assume that G has a global sink at vertex n + 1, i.e., the outgoing degree of n + 1 is equal to 0 and there exists a directed path from any vertex other than n + 1 to n + 1.
and e i,j the out-going degree, in-going degree of i and the number of edges from i to j respectively in G. The Laplacian matrixΔ of G is an (n + 1) × (n + 1) matrix defined as follows
The reduced Laplacian matrix of G, denoted by Δ, is the matrix obtained fromΔ by deleting its row and column n + 1. Let Δ i be the ith row-vector of Δ. The Picard group, also called Sandpile group, of G is defined by
Recall that Δ is invertible and all entries of Δ −1 are non-negative.
We said that a is linearly equivalent to b, denoted by a ∼ b, if they are in a same coset of SG(G).
Now let G be a digraph with a global sink. A CFG (chip firing game) is defined on G, G is call support of CF G. It includes the set of configurations and a firing rule transferring between configurations. A configuration of a CFG on G is a map a : V \ n + 1 → Z and a(i) is the number of chips stored at vertex i. Sometimes we prefer to write a configuration on G as an element of Z n where part i is equal to a(i). Notice that, in the literature we often see CFG whose configurations contain a non-negative number of chips. However, considering CFG with negative coordinates also received recently much attention [1] , [4] .
The firing rule is applied at an active vertex i and it will pass d + i chips stored at i on its neighbors along its outgoing edges (taking into account the multiple edges). As a sequence, if we apply the firing rule at i, or say simple firing i, of a, chips on a are redistributed to a new one b such that
or equivalently, of CFG on G is a sequence of n non-negative
where τ i is the number of occurrences vertex i in the firing sequence
It is remarkable that if we apply the firing sequence (s 1 , s 2 , . . . , s k ) on a with the corresponding firing script τ , we get b = a − τ Δ and so b is linearly equivalent to a. The inverse does not hold in general. It is a fact that if b ∼ a, then b = a − τ Δ with τ = (a − b)Δ −1 which is not necessary non-negative. Even if τ is non-negative, it is not always the case that there exists a firing sequence from a to b.
Notice that from a non-negative configuration a, we could apply several steps of firing rule on a to get a stable configuration. The process of firing from a to a stable configuration is called a stabilization of a.
Lemma 1 ([7]). Let G be a digraph with a global sink and a be a non-negative configuration. Then the system CFG(G) starting from a converges to a unique stable configuration. Furthermore, if s and s are two different firing sequences in the stabilization of a, then s and s have the same firing script.
We denote a o the unique stable configuration obtained from a by firing vertices. By the lemma above although there may have many firing sequences in the stabilization, there is a unique firing script. In this manuscript we also consider sequences whose part i is the number of occurrences of vertex i and so their parts are nonnegative. These sequences are very likely to the firing scripts and they play an important role in our next investigation on critical configurations of CFG. We refer a sequence of non-negative integers for such purpose as a script and as an n-script if its length is n. It is readily seen that a firing script of a configuration is a script but as noticed above a script is not necessary a firing sequence.
Before presenting the definition of critical configurations of CFG we need some notations and operations on Z n . Denote the containment order in
The addition of two sequences and the scalar product with a number α ∈ Z are implemented in Z n as follows:
. Then a max is the maximum stable configuration of CFG(G) with the containment order. We recall some facts on critical configurations:
Lemma 2 ([6]). Each equivalent class of SG(G) contains exactly one critical configuration.

Lemma 3 ([6]). Let a be a configuration on CFG(G). Then we have the following statements: i) Let b be a stable configuration of CFG and b a. If a is critical, then b is critical too. ii) a is critical if and only if for any configuration b
there exists a non-negative configuration c such that
it is the unique critical configuration in the equivalent class of a.
Notice that there may have some equivalent definitions of critical configurations on digraphs. Holroyd et.al. use the sufficient statement of Lemma 3(ii) as a definition for the criticality [6] . Lemma 3(iii) could be used to find the critical configuration in the same equivalent class of a. However, this process could take time since the stabilization is exhausted.
III. G-STRONGLY POSITIVE SCRIPTS AND CRITICAL
CONFIGURATIONS
In this section we introduce a collection of scripts which will be used to recognize critical configurations for digraphs with a global sink. We call the class of these scripts G-strongly positive scripts. For reducing the process of stabilization in the recognition, we also present an algorithm to find the minimum G-strongly positive script. This algorithm is a concatenation of the script algorithm [10] on strongly connected components of G. Using this script, we prove that by firing inversely any multi-subsets of vertices starting from a critical configurations we never get a stable configuration (Theorem 9). We first present a property of firing scripts. Proof. Let b = a + σΔ. Since a is stable, we have for
Let 
Therefore, after firing s t0 in the firing sequence s, we consider the chips at vertex i. Since b is stable and Δ ij < 0 for i = j, we have the following evaluation for the number of chips at vertex i
and the right hand side of the above inequality is negative by (1) . This contradicts the fact that s is a firing sequence.
Before presenting a criterion for the criticality of a configuration on digraph in Theorem 6 which is very similar to Dhar's algorithm, we need some definitions. The following lemma gives us an evaluation on the weight of a configuration when firing inversely it by a positive script.
Lemma 5. Let σ be a G-positive script and let a, b be non-negative configuration such that b = (a + σΔ) o . Then w(b) ≥ w(a).
Proof. Let τ be the firing script in the stabilization process of (a + σΔ). Recall that in the stabilization of a configuration, chips which are sent to the sink never come back. Hence,
Furthermore,
.
By Lemma 4, we have σ i ≥ τ i . Hence, w(b) ≥ w(a).
The statement of the following result appeared in a different form in [8] . However, since we did not find any proof for it in the literature, we restate it with proof as below. 
Conversely, assume that (a + σΔ) o = a. Since σ is G-strongly positive, the support of σΔ on each strongly connected component are non-zero. There exists a large enough m such that after applying several firings on (a+ mσΔ) we obtain a configuration greater (with respect to the containment order) than a max . This means there exists c 0 and a firing sequence of firing script k such that starting from a + mσΔ, after firing by the firing script k we get
Since (a + σΔ) o = a and σΔ 0, we have
Therefore,
So a is critical. Last, let τ be the firing script in the stabilization process of a + σΔ. Since a is critical, we have (a + σΔ) o = a. Hence, a + σΔ − τ Δ = a and so (σ − τ )Δ = 0. Since Δ is invertible, we have σ = τ .
It is to be observed that we cannot replace the condition G-strongly positive by the G-positive of σ in Theorem 6. For instance, consider the graph given in Figure 1 . Let σ = (0, 0, 1) and σ = (1, 2, 4) . We have σΔ = (0, 0, 2) and σ Δ = (5, 2, 2). Hence, σ is Gpositive but not G-strongly positive and σ is G-strongly positive. Let a = (1, 1, 1) be a configuration of CFG on that graph. We have (a + σ Δ) o = (6, 3, 1) and by Theorem 6, a is not critical. However, if we replace σ by σ, then (a + σΔ) o = (1, 1, 1) = a which is recurrent.
Recall that Speer [10] gave an algorithm, called script algorithm, to find the minimum G-positive script in case G − {s} is strongly connected. Moreover, for general G (with the global sink), he showed that each critical configuration of G is a concatenation of critical configurations of digraphs induced from the strongly connected components of G. However, he did not show explicitly the minimum testing script. In fact, this testing script is not a concatenation of the minimum scripts on each its induced component. To improve this we use the (modifying) script algorithm for each induced component with a given order (will be defined later) such that the inverse firing of the latter does not affect to the positiveness of the former ones. We first modify the script algorithm for finding the minimum script σ on digraphs with only one strongly connected component except for the sink such that σΔ a with a given non-negative configuration a. The algorithm, called a-script algorithm, is as follows: We construct a sequence of increasing scripts {σ k a } k recursively and will prove it terminates at step M to obtain the script σ M a (which will be the minimum script). We start from σ 1 a = (1, 0, . . . , 0). Assume that we had (1, 1, . . . , 1) and
Moreover, the equality of the latter happens if and only if n = 1; iii) If σ is a script such that σΔ a, then σ σ M a . Since this lemma is very similar to the one presented in [10] (Lemma 7). Hence, we do not present its proof here.
Before presenting the algorithm for finding the minimum G-strongly positive script for general digraph, we need some definitions and notations.
Assume that 
We have shown a way to determine the minimum Gstrongly positive script by inversely firing strongly connected components in an order from components of low levels to high levels. Components are fired (inversely) first like the argents causing the consecutive firings of components of higher levels. Comparing to the Dhar's algorithm when the minimum script is 1 at every parts, firing the sink first in Dhar's algorithm is equivalent to firing inversely all vertices and each vertices once.
Next, we use the minimum G-strongly positive script to present a result which generalizes the result [1] for undirected graphs. Moreover, instead of firing a single subset of vertices it fires a multi-subset of its vertices as well as a subset of a multi-set σ M .
Theorem 9. Let σ M be the minimum G-strongly positive script of CFG(G). The following statements are equivalent:
i) a is critical;
Proof. We will show that
First, assume that a is critical and there exists a script τ 0 such that a + τ Δ is stable. Let b = a + τ Δ and m be a large enough integer such that m > max{τ i : i = 1, 2, . . . , n}. Put σ = mσ M . Since σ M (1, 1, . . . , 1), we have σ τ . On the other hand, since σ M is G-strongly positive, σ is also G-strongly positive. By Theorem 6, we have (a + σΔ) o = a. Therefore,
By Lemma 4 and due to the stability of b, the firing script in the stabilization process of b + (σ − τ )Δ does not exceed σ − τ and so does the firing script in the stabilization process of a+σΔ. This conflicts the critical condition of a by Theorem 6.
(
Suppose that a is not critical. Let b = (a + σ M Δ) o . We assume that b = a. Let τ be the script of a firing sequence in the stabilization process of (a + σ M Δ). By Lemma 4, we have τ ≺ σ M (since a = b) and b = a + σ M Δ − τ Δ. Let ν = σ M − τ . We have 0 ≺ ν σ M and a + νΔ is stable which conflicts the hypothesis.
Perrot and Trung [9] raised a question that whether or not critical configurations have the maximum weights among stable configurations in their equivalent class. They gave an affirmative answer for CFG on Eulerian graphs and also claimed that critical configurations are not the only ones in their equivalent classes having the maximum weight by an encounter example. We end this section by proving the claim for CFG on graphs with a global sink.
Theorem 10. Let a be a critical configuration and b be a stable configuration in the equivalent class of a. Then w(a) ≥ w(b).
Proof. Let σ be a G-strongly positive script. We consider the sequence of stable configurations as follows: So that if we let τ (i) be the scripts in the stabilization of b (i) + σΔ. However, by Lemma 4 we have τ (i) σ and
Generally,
Hence,
Since Δ is invertible, we have ( −k)σ = (τ 
